We examine in detail the method introduced by Sanchez-Castro, Bedell, and Wiegers (SBW) to solve Landau's linearized kinetic equation, and compare it with the well-known standard method introduced by Abrikosov and Khalatnikov (AK). The SBW approach, hardly known, differs from AK in the way that moments are taken with respect to the angular functions of the Fourier transformed kinetic equation. We compare the SBW and AK solutions for zero-sound and firstsound propagation speeds and attenuation both analytically in the zero and full polarization limits, and numerically at arbitrary polarization using Landau parameters appropriate for thin 3 He films.
. This is the classic method that is described in the standard reviews of Landau's Fermi-liquid theory: for example, Pines and Nozières 4 and Baym and Pethick. 5 In fact there exists a second approach for solving the kinetic equation that yields results that are similar to but not exactly the same as that of the AK theory but seems to be relatively unknown in the Fermi-liquid literature. This second approach can be found in the 1989 paper of Sanchez-Castro, Bedell, and Wiegers 6 (SBW), and its application to zero sound was discussed briefly in Refs. 7 and 8. In this note, we wish to compare in detail the analytic and numerical predictions of the AK and SBW approaches for solving the kinetic equation for the propagation speeds and attenuation of the collective excitations covering both the collisionless and hydrodynamic regimes. To the best of our knowledge such a comparison has not yet been made. In particular, we wish to derive expressions for the propagation speeds and attenuation of both zero sound and first sound as functions of density and polarization. The attenuation will be determined in the relaxation time approximation for the collision integral.
In Sec. II we shall briefly review the two approaches for solving the kinetic equation.
We shall then use the SBW approach to calculate analytic expressions for zero sound and first sound propagation speeds and attenuation at arbitrary polarization. These results will be compared and contrasted with our previous analytic results 2 obtained using the AK approach. Finally, we derive the behavior of the the sound speeds and attenuation in the weak-coupling and strong-coupling limits for both approximations. In Sec. III, using Landau parameters 7-9 and quasiparticle lifetimes 2 determined previously, we shall compute sound speeds and attenuation for the system of thin 3 He films at arbitrary polarization for both approximations, and compare their results. In Sec. IV, the Conclusion, we shall discuss among other matters the effects on the attenuation and first-sound speeds of using a statedependent relaxation time approximation for the collision integral. Finally, we shall point out that there are notable advantages of the SBW method especially for systems at non-zero polarization, and also in the zero-sound limit.
II. SOUND SPEED AND ATTENUATION
We examine a system of N = N ↑ + N ↓ , spin-up and spin-down fermions in a box of area
The particles have bare mass m, and interact with a typical two-body potential V (r)
that is assumed to depend only on the scalar distance between the particles. The energy E{n p,σ } is a functional of the quasiparticle distribution function. The particles fill two Fermi seas up to Fermi momenta k ↑ and k ↓ , and we introduce the convention that the spin-down Fermi sea will always be the minority Fermi sea in the case of nonzero polarization. The term polarization denotes the magnetization per particle which will be denoted by P, thus
The system is assumed to be at some finite but low temperature T in the sense that T << T F↓ . The derivation of the dispersion relations, and attenuation of the collective excitations proceeds as in three-dimensions beginning with Landau's linearized kinetic equation:
where v p,σ ≡ ∇ p ǫ p,σ is the Fermi velocity for spin state σ, f
Landau parameters, and I[n p,σ ] is the collision integral. For small oscillations we can assume traveling wave solutions for the excitations:
where ν σ (θ) is the Fermi surface distortion for spin state σ introduced in the usual way:
and θ is the angle between p and q. In addition, we have written the collision integral in the relaxation time approximation:
The second and third terms are added to ensure conservation of particle number, energy, and momentum. 
The constants α ℓ are defined by
The quantities T ℓ (cos θ) ≡ cos (ℓθ) are Chebyshev polynomials of the first kind, 10 and were introduced for convenience in Ref. 8 . It was pointed out that integrals over θ from 0 to 2π can be replaced with integrals over x ≡ cos θ from −1 to +1 by simply introducing the weight function w(x) = 1/ √ 1 − x 2 and multiplying by a factor of 2. This is valid whenever the function involved is real, even in θ, and periodic in θ with a period of 2π, which is the case for all functions needed in this work. There is no calculational advantage of this second representation. However, when using these variables, expressions in two dimensions become very similar to the familiar expressions in three dimensions by simply substituting
Chebyshev polynomials for the usual Legendre polynomials. After performing the indicated integrations we find
where 
(2.8)
In Eq. (2.7) the wave vector q is a manifestly complex variable with real and imaginary parts defined by
where q 1 and q 2 are both real. In the following, we will obtain for the SBW approximation analytic expressions for the dimensionless speed of sound s ≡ ω/(q 1 v F ) and the attenuation Im(q) ≡ q 2 at arbitrary polarization. In the limits of zero polarization and full polarization we obtain simple analytic results which can be compared with those previously obtained with the AK approximation. 2 The question of whether s is zero sound or first sound will depend on whether ωτ ≫ 1 or ωτ ≪ 1, respectively. Expressions for the quasiparticle
For the AK approach one divides both sides of (2.7) by (s σ − cos θ) and then take moments with respect to the T ℓ (cos θ), the angular functions in two dimensions. We emphasize that despite the presence of the denominator all integrals can be evaluated exactly and analytically. 2 In practice assuming that the series is truncated after the ℓ = 1 term one obtains was shown that truncation after the ℓ = 1 contribution yields accurate sound speeds for a system with 3 He valued Landau parameters. For the SBW approach one omits the first step of division by (s σ − cos θ), and immediately takes moments of (2.7) with respect to the T ℓ (cos θ) for ℓ = 0, 1, 2. We note that the relevant matrix elements can be found in Ref. 7 .
There are numerous ways to truncate the AK and SBW sets of linear equations. In a theory capable of yielding both zero sound and spin-zero sound we need to retain deformation For the SBW equations the procedure differs slightly because the angular integrals couple the deformation parameters differently. In the following we show the first three moments for the SBW equations:
In these equations we have applied the same restriction on the Landau parameters that we used for AK: f
For the SBW set of equations we need to include the ℓ = 2 moment. This is because for the SBW equations particle number conservation and momentum conservation remove the attenuation contribution to the ℓ = 0 and ℓ = 1 moments. Thus the ℓ = 2 moment is the lowest order contribution for attenuation to the SBW equations. Further, for SBW, the angular integral for the ν 
where we ignore a system dependent constant. This replacement is inaccurate as one approaches the strong-coupling limit. However, by inspection of Eq. (2.11) one can see that in the strong-coupling limit all of the ν ℓ 's vanish except for ℓ = 1, and therefore this inaccuracy is irrelevant. In Sec. II C we shall show that this change to Eq. (2.10c) gives both the weak and strong-coupling limits correctly. We note that because 3 He Landau parameters are not small, 3 He sound speeds are in fact insensitive to the value used for the parameter ν 3 , and that SBW in particular simply set ν 3 = 0.
Substituting (2.13) into (2.10b) one finds the following eigenvalue equation:
where
and we have defined
The eigenfunctions are defined by η 0σ ≡ v σ F c ν 0σ . The secular determinant is 2 × 2 and the eigenvalues are the roots of a quadratic equation:
The propagation speed and attenuation can be determined from the real and imaginary parts of c : it is clear that the numerical solution of (2.14) is much easier, and yet gives very similar results as will be discussed in detail in the next section.
In Eq. (2.17) and below we will have need of the explicit components of A σσ ′′ . First the real parts: 
In this expression, (c ′ ) 2 is the real part of the complex speed squared. That is, it is Eq. (2.17)
We have omitted the spin-zero-sound (minus) root because spinzero-sound does not propagate in 3 He thin films. 8 It is simple to recover that solution by replacing the plus sign by a minus sign in front of the first curly bracket in Eq. (2.20), and also before the radical in (2.17). We have defined c ′ ≡ ω/q 1 and in lowest order of q 2 /q 1 the attenuation can be found from: A.
Zero sound
In the zero sound limit, we let ωτ σ → ∞. Thus, from Eq. (2.16) we find:
where to lowest order in 1/ωτ σ : 
where the zero-sound dimensionless propagation speed s 0 = ω/(v F q 1 ) is given by :
Using Eq. (2.20) we find
where:
For convenience we have introduced dimensionless Landau parameters defined by
Note that these are defined with the single spin-state density of states, and they are not symmetric in the indices at non-zero polarization. The symmetric and antisymmetric Landau parameters used in the zero-polarization limit are defined as usual by Thus the speed and attenuation become:
The expressions for spin-zero-sound can be obtained by replacing the symmetric Landau parameters with antisymmetric Landau parameters.
The analogous results for the zero-sound speed and attenuation that one obtains from the AK approach 2 are:
32a)
The important function g(s) is defined by: . In terms of Landau parameters the dimensionless zero-sound speed s ↑ and attenuation are given by:
The analogous results using the AK approach yield:
The parameters in the attenuation were introduced for convenience in Ref. 2 and are defined by:
In the hydrodynamic regime ωτ ≪ 1. Using the same notation as for zero sound, we have from Eq. (2.16):
where to lowest order in ωτ σ :
The general expression for the square of the complex first sound speed is the same as 
It was surprising to discover that after some algebra (2.40) was found to be identical to
Eq. (2.20) together with Eq. (2.39a). Thus the SBW and AK methods yield identical results
for the first-sound speeds at all polarizations. As will be seen below this equality is not carried over to the attenuation.
Zero polarization
At zero polarization s 2 = s ↑↓ ). Thus, we find for the dimensionless first-sound propagation speed s 1 ≡ ω/(q 1 v F ), and the attenuation:
41a)
Using AK theory, we find:
42a) 
43a)
In the AK approach we found:
44a)
Thus, in the zero and full polarization limits the SBW and AK attenuation differ by a factor of two.
We can obtain additional information concerning first sound from the thermodynamic derivation of the compressibility κ T that can be found in Ref. 7 . This yields an essentially exact zero-temperature expression for the first sound speed as a function of polarization:
Here n σ is the areal density in the σ th Fermi sea, n = n ↑ + n ↓ , andF
is a dimensionless Landau parameter defined with the bare mass rather than the effective mass. We can rewrite this in a form that is more useful in the present work:
By inspection of (2.46), in the zero-polarization limit this expression becomes:
and in the full polarization limit:
In the following, these will be referred to as the thermodynamic results.
Thus, both the SBW and AK results in the zero and full polarization limits, (2.41) and (2.42) respectively, are in agreement with the thermodynamic first-sound speeds. However, as will be seen in Sec. III there is a slight disagreement at finite polarization 0 < P < 1 between the thermodynamic sound speed and the SBW/AK results.
C. Asymptotic behavior of zero sound and first sound
In this section we shall compare the SBW and AK sound speeds and attenuations in the strong and weak-coupling asymptotic limits. In the strong-coupling limit: F 0 ≫ 1 and
In the weak-coupling limit, all Landau parameters vanish. Note that for Tables I, II , and III F s 0 is defined as usual with a two spin-state density of states whereas F ↑↑ 0 is defined with a single spin-state density of states.
The results for the strong-coupling limit are gathered together in Tables I and II TABLE I. The expressions for the speed and attenuation of zero sound in the strong-coupling limit F 0 ≫ 1, and F ℓ = 0 for ℓ ≥ 1 .
In the weak-coupling limit, both approaches have the correct ideal Fermi gas limiting value (at all polarizations). In Table III we point out that the SBW and AK methods approach the limiting values in different ways. The SBW method approaches 1 linearly in the Landau parameter whereas the AK method approaches 1 quadratically. As with the attenuation in the strong-coupling limit, the SBW and AK approaches have slightly different TABLE II. The expressions for the speed and attenuation of first sound in the strong-coupling limit F 0 ≫ 1, and F ℓ = 0 for ℓ ≥ 1 .
coefficients of the ωτ term.
TABLE III. The expressions for the speed and attenuation of zero sound in the weak-coupling limit F 0 → 0, and F ℓ = 0 for ℓ ≥ 1 .
The expressions for the speed and attenuation of first sound in the weak-coupling limit In this section we shall compare the results of the SBW and AK approximations as a function of polarization and temperature using Landau parameters that were determined by fitting experimental data for 3 He. In Refs. 7 and 8 the methods for obtaining these parameters are described in detail. In very brief summary, we fit experimental data for the heat capacity effective mass and the spin susceptibility, obtained for thin 3 He films on graphite substrates. These fits determine values for the s-wave and p-wave effective T -matrix components at zero polarization. We then substitute these into expressions for the Landau parameters that are valid to quadratic order in the T -matrix components at arbitrary polarization. The derivations are fairly involved and we refer the reader to the original references for the details.
In Figs for the AK method.
We note that in Fig. 3 , for the first-sound speeds, we also show the thermodynamic results from Eq. (2.46). As pointed out above: the results for SBW and AK are identical, and at zero and full polarization SBW/AK agree with the thermodynamic results. However for in-between polarizations 0 < P < 1 there is a slight disagreement between SBW/AK and Eq. (2.46). The maximum disagreement, less than 2%, is certainly less than the uncertainty associated with the values of our Landau parameters. In any case, the possible sources for this disagreement will be discussed in Sec. IV.
The first-sound attenuation calculated by the two models have the same basic behavior:
they are minimum at zero polarization and maximum at full polarization. The factor of two difference in the SBW and AK results can be seen in comparing Eqs. (2.41b) and (2.42b), and also (2.43b) with (2.44b).
The qualitative reason for the observed polarization dependence of the attenuation for both zero sound and first sound can be understood as the consequence of a simple quasiparticle scattering argument. As shown in Fig. 7 of Ref. 2 the majority spin quasiparticle lifetime increases with increasing polarization. This is mainly due to the decreasing phase space for s-wave scattering. Roughly speaking we expect the zero-sound attenuation ∼ 1/(ωτ ), and thus we expect that zero-sound attenuation should decrease with increasing polarization.
Similarly, first-sound attenuation ∼ ωτ , and thus we should expect first-sound attenuation to increase with increasing polarization. Finally, we note that the limiting cases P → 0 and P → 1 have technical issues that are discussed in detail in Ref. 2 . We believe that the abrupt behavior seen in these limits in Fig 2 and especially Fig. 4 is artificial. vanishes at the first sound limit. The right hand ordinates show the variations of the attenuation over the transition region. The SBW magnitudes are consistently greater but nonetheless still on the same order as the AK ones. For simplicity we call the transition temperature from zero sound to first sound as the temperature that occurs at the peak of the attenuation curve ωτ ≈ 1. For each polarization the frequency ω was adjusted so that the transition temperature is 10 mK. We need to ensure both that the transition temperature is not too low as to not be experimentally accessible, and yet is low enough so that at the highest temperatures needed (in the hydrodynamic regime) the system is still degenerate. One important feature that these figures show is that for a given frequency, density and polarization, both SBW and AK have their transitions occur at almost the same practical solutions both methods need to be truncated, and so one can ask whether the approximate solutions are close to one another, and also whether they are close to exact results.
There are two fundamental issues that need to be addressed concerning the form and solution of the kinetic equation (2.2). The first concerns the collision integral Eq. (2.4). The third term in parentheses was identified as being introduced in order to ensure conservation of momentum. We note that this is an approximate form for a model with state-dependent lifetimes. That is, if one requires that total momentum is conserved then the total momentum needs to be computed by summing over the contributions of each constituent. This can easily be done but it leads to an expression in which there are factors of 1/τ ↑ and 1/τ ↓ that appear in a numerator and denominator in addition to the overall factor of 1/τ ↑ or 1/τ ↓ . This leads to terms that are nonlinear in the collision frequencies. We note that this problem is introduced because of our use of state-dependent lifetimes. If the lifetimes were state independent then the factors of 1/τ in the numerator and denominator would cancel out. Our choice of (2.4) is essentially equivalent to requiring conservation of momentum for each separate component. In that sense our choice is a sufficient condition for conservation of total momentum.
The second issue is an important observation made by Troian and Mermin 11 concerning the requirement that the collision integral must vanish when the quasiparticle distribution function is in local equilibrium. In order to accomplish this one needs to include the contribution to the quasiparticle energies of the quasiparticle-quasiparticle interaction in the local equilibrium state. Troian and Mermin showed that this inclusion changed the form of the conservation of momentum term by replacing a scalar term by a matrix. They showed that even with a state independent lifetime this change would alter the value of the first sound speed, and bring it into agreement with the exact thermodynamic result. They also pointed out that in the limit of zero polarization and full polarization this change makes no difference since the matrix becomes a 1 × 1. It is possible that we are seeing this effect in the slight difference between the SBW/AK first-sound speeds and the thermodynamic first-sound speeds for 0 < P < 1 that we pointed out in Fig. 3 . Unfortunately, the TroianMermin cure for this problem would involve an analysis similar to the one discussed above concerning conservation of momentum. For state dependent lifetimes this would introduce higher order terms in 1/τ than simply linear. We do note that the differences between the SBW/AK and the thermodynamic first-sound speeds are very small: a maximum difference of less than 2% .
In summary we have examined the SBW approach to solving the kinetic equation for complex sound speeds, and compared it with the well-known AK method. We have calculated analytic expressions for the propagation speeds and attenuation, and also numerical results using Landau parameters appropriate for 3 He adsorbed on graphite substrates. For zero-sound speed and attenuation, and first-sound attenuation, the SBW method yields significantly simpler expressions. Nevertheless, the numerical speeds and attenuation predicted by both methods are very close. We have noted that in the case of first-sound propagation speeds where SBW and AK yield identical expressions, these results are not in agreement with the thermodynamic results. In the previous section we discussed the possibility that this behavior is due to overlooking of the quasiparticle-quasiparticle interaction contribution to the quasiparticle energy in the distribution function. In conclusion, we find that the SBW method requires far less algebraic effort than AK to derive analytic expressions for the propagation speeds and attenuation of sound from Landau's kinetic equation, yet nevertheless produces numerical results almost as accurate as the AK method. This is especially true for the zero-sound case at finite polarization 0 < P < 1. Thus, at finite polarization we recommend SBW method as a very attractive alternative to the classic AK.
